
Connection between non-Abelian tensor gauge fields and open strings

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

2009 J. Phys. A: Math. Theor. 42 065403

(http://iopscience.iop.org/1751-8121/42/6/065403)

Download details:

IP Address: 171.66.16.156

The article was downloaded on 03/06/2010 at 08:29

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/42/6
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


IOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 42 (2009) 065403 (21pp) doi:10.1088/1751-8113/42/6/065403

Connection between non-Abelian tensor gauge fields
and open strings

George Savvidy

Institute of Nuclear Physics, Demokritos National Research Center, Agia Paraskevi,
GR-15310 Athens, Greece

E-mail: savvidy(AT)inp.demokritos.gr

Received 23 October 2008
Published 15 January 2009
Online at stacks.iop.org/JPhysA/42/065403

Abstract

We compare the structure of the tree-level scattering amplitudes in non-Abelian
tensor gauge field theory and in open string theory with Chan–Paton charges.
We limit ourselves to considering only lower-rank tensor fields in both theories.
We identify the symmetric and antisymmetric components of the second-rank
tensor gauge field with the string excitations on the second and third exited
levels. In the process of this identification we select only those parts of the
tree-level scattering amplitudes in the open string theory which are linear in
momenta and are dominant at low energies.

PACS numbers: 11.15.−q, 14.70.−e, 14.70.Pw, 11.25.Db, 11.25.Tq, 11.30.Ly,
11.15.Bt, 12.60.−i

1. Introduction

An infinite tower of particles of high spin naturally appears in the spectrum of different string
theories. In the low-energy limit, the massless states of the open string theory with Chan–Paton
charges can be identified with the Yang–Mills gauge quanta [1–3]. It is also expected that in
the tensionless limit or, what is equivalent, at high energy and fixed angle scattering the string
spectrum becomes effectively massless [4–18], and it is of great importance to identify these
states as states of some Lagrangian quantum field theory [19–25].

One can imagine that massless states of tensionless string are combined into an infinite
tower of non-Abelian tensor fields, and one could guess that the corresponding Lagrangian
quantum field theory should be described by the extension of the Yang–Mills theory to
the non-Abelian tensor gauge field theory. This possibility has recently been suggested in
[27–29]. Recall that non-Abelian tensor gauge fields are defined as rank-(s+1) tensor gauge
fields Aa

μλ1...λs

1 and that one can construct an infinite series of forms Ls(s = 1, 2, . . .) which

1 Tensor gauge fields Aa
μλ1 ...λs

(x), s = 0, 1, 2, . . . , are totally symmetric with respect to the indices λ1 . . . λs . A
priori the tensor fields have no symmetries with respect to the first index μ. In particular, we have Aa

μλ �= Aa
λμ and

Aa
μλρ = Aa

μρλ �= Aa
λμρ . The adjoint group index a = 1, . . . , N2 − 1 in the case of the SU(N) gauge group.
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are invariant with respect to the extended gauge transformations [27–29]. These forms Ls are
quadratic in the field strength tensors Ga

μν,λ1...λs
, and the Lagrangian L is an infinite sum of

these forms (1.1).
The gauge-invariant Lagrangian L defines cubic and quartic interactions with a

dimensionless coupling constant2 between charged gauge quanta [27–29]

Aa
μ, Aa

μλ1
, Aa

μλ1λ2
, . . .

carrying a spin larger than 1. Note that all non-Abelian tensor gauge bosons have the same
isotopic charges as the vector gauge boson. The gauge-invariant Lagrangian describing
dynamical tensor gauge bosons of all ranks has the form

L = LYM + g2L2 + g3L3 + · · · , (1.1)

where LYM is the Yang–Mills Lagrangian. For the lower-rank tensor gauge fields the
Lagrangian has the following form [27–29]:

LYM = − 1
4Ga

μνG
a
μν,

(1.2)
L2 = − 1

4Ga
μν,λG

a
μν,λ − 1

4Ga
μνG

a
μν,λλ + 1

4Ga
μν,λG

a
μλ,ν + 1

4Ga
μν,νG

a
μλ,λ + 1

2Ga
μνG

a
μλ,νλ,

where the generalized field strength tensors are

Ga
μν = ∂μAa

ν − ∂νA
a
μ + gf abcAb

μAc
ν,

Ga
μν,λ = ∂μAa

νλ − ∂νA
a
μλ + gf abc

(
Ab

μAc
νλ + Ab

μλA
c
ν

)
, (1.3)

Ga
μν,λρ = ∂μAa

νλρ − ∂νA
a
μλρ + gf abc

(
Ab

μAc
νλρ + Ab

μλA
c
νρ + Ab

μρA
c
νλ + Ab

μλρA
c
ν

)
.

The Lagrangian forms Ls for higher-rank fields can be found in the previous publications
[27–29]. The above expressions define interacting gauge field theory with infinite many non-
Abelian tensor gauge fields. Not much is known about the physical properties of such gauge
field theory, and this paper is one in a series of papers devoted to this problem [30–34].

In the present paper, we shall focus our attention on the lower-rank tensor gauge field
Aa

μλ, which decomposes in this theory into the symmetric tensor TS of helicity two and the
antisymmetric tensor TA of helicity zero charged gauge bosons [29]. The Feynman rules
for these propagating modes and their interaction vertices can be extracted from the above
Lagrangian (1.2) [29] and are reviewed in the following section. These Feynman rules allow
us to calculate tree-level scattering amplitudes for processes involving non-Abelian tensor
gauge bosons [33, 34].

An interesting question is regarding whether or not non-Abelian tensor gauge fields can
be identified with the states of open string theory with Chan–Paton charges [35]3. Indeed, in
the spectrum of the open string theory with Chan–Paton charges, there is a massless vector
gauge boson V on the first exited level, and there are rank-two massive tensor bosons TS on
the second level and TA on the third level carrying the same isotopic charges as the vector
boson V . These states are depicted schematically in figure 1 as TS and TA. The emission
vertices for these states are defined as follows [2, 3, 36]:

eα(k) : Ẋα eikX : α′k2 = 0

εαα′(k) : ẊαẊα′
eikX : α′k2 = −1

ζαα′(k) 1
2 : (ẌαẊα′ − Ẍα′

Ẋα) eikX : α′k2 = −2,

(1.4)

and allow us to calculate different tree-level scattering amplitudes involving tensor bosons TS

and TA.

2 In D dimensions the coupling constant has dimension (4 − D)/2.
3 This question was raised to the author by Costas Bachas and initiated this investigation.
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Figure 1. The excited levels of the open bosonic string. The state at the second level is a symmetric,
traceless, rank-2 tensor TS of SO(D − 1). At the third excited level, there is an antisymmetric
rank-2 tensor TA, of SO(D − 1). If the open string carries Chan–Paton charges at its endpoints
then these excited states have the same isotopic charges as the massless vector boson V on the first
excited level.

Our intention in this paper is to compare the tree-level scattering amplitudes of the second-
rank tensor gauge bosons in non-Abelian tensor gauge field theory and tree-level scattering
amplitudes of the tensor bosons in open string theory with Chan–Paton charges.

Our aim is twofold: first, to review the general structure of the interaction vertices
and tree-level amplitudes in the non-Abelian tensor gauge field theory [27–29] and, then, to
calculate similar tree-level scattering amplitudes in the open string theory in order to compare
their structures. By ‘similar’ tree-level scattering amplitudes we mean the amplitudes of the
open string theory which have coupling constants of the same dimensionality as the coupling
constant of tensor gauge field theory in D dimensions. These amplitudes should have only
one spacetime derivative in the case of triple interaction vertices and have no derivatives in
the case of quartic interactions. This subsector of amplitudes appears in the low-energy limit
when one can ignore the higher derivative terms, and is a natural candidate for comparison
with the tree-level amplitudes in non-Abelian tensor gauge field theory [27–29]. It seems that
this subclass of tree-level scattering amplitudes may provide important information about the
structure of the open string theory.

The open string tree-level scattering amplitudes are defined on the mass-shell [2, 3], and
in order to compare them with the tensor gauge field theory vertices we have to project vertices
to the mass-shell. We have found that these scattering amplitudes in both theories have the
same structure. This result tells that most probably the subsector of the open string theory is
equivalent to the non-Abelian tensor gauge field theory.

2. Feynman rules for non-Abelian tensor gauge fields

We shall describe here the interaction vertices of the vector and tensor gauge bosons in non-
Abelian tensor gauge field theory [27–29]. For that let us recapitulate the construction of the
corresponding Feynman rules [29]. Because the Lagrangian (1.1), (1.2) is quadratic in field
strength tensors L ∼ (G)2 = (dA + g[A,A])2, it allows only cubic and quartic interactions

3



J. Phys. A: Math. Theor. 42 (2009) 065403 G Savvidy

with the dimensionless coupling constant:

g[A,A]dA, g2[A,A][A,A].

In particular, the interactions of the Yang–Mills vector bosons with the charged tensor gauge
bosons described by the Lagrangian (1.2) are of this type. The Lagrangian (1.2) can be
represented in the form of polynomial in the Yang–Mills vector field Aa

α and the tensor gauge
field of the second rank Aa

αά [29]:

L2 = 1

2
Aa

αάHαάγ γ́ Aa
γ γ́ +

1

2!
Vabc

αάβγ γ́ Aa
αάAb

βAc
γ γ́ +

1

2!2!
Vabcd

αβγ γ́ δδ́
Aa

αAb
βAc

γ γ́ Ad

δδ́
+ · · · . (2.1)

It has the kinetic term AHA for the tensor gauge field, and the interaction vertices between two
tensors and a vector, the VTT vertex Vabc

αάβγ γ́ and two tensors and two vectors, the VVTT-vertex
Vabcd

αβγ γ́ δδ́
. The kinetic operator of the Lagrangian is

Hαάγ γ́ (k) = (−ηαγ ηάγ́ + 1
2ηαγ́ ηάγ + 1

2ηαάηγ γ́

)
k2 + ηαγ kάkγ́ + ηάγ́ kαkγ

− 1
2 (ηαγ́ kάkγ + ηάγ kαkγ́ + ηαάkγ kγ́ + ηγ γ́ kαkά), (2.2)

and it is symmetric under simultaneous interchange of the indices α ↔ ά and γ ↔ γ́ ,
but it is not symmetric with respect to a single interchange α ↔ ά or γ ↔ γ́ , because
the tensor field Aa

αά is not a symmetric tensor. It is also a fully gauge-invariant operator
kαHαάγ γ́ = 0, kάHαάγ γ́ = 0; therefore, there are no negative norm states in the spectrum
[27–29]. It describes the propagation of massless particles with helicities two and zero.
Indeed, when kμ is aligned along the third axis, kμ = (k, 0, 0, k), the equation,

Hαάγ γ́ (k)f γ γ́ (k) = 0, (2.3)

has three independent solutions of the helicities two and zero:

ε1
αά = 1√

2

⎛
⎜⎜⎝

0, 0, 0, 0
0, 1, 0, 0
0, 0, −1, 0
0, 0, 0, 0

⎞
⎟⎟⎠ , ε2

αά = 1√
2

⎛
⎜⎜⎝

0, 0, 0, 0
0, 0, 1, 0
0, 1, 0, 0
0, 0, 0, 0

⎞
⎟⎟⎠ , ζαά = 1√

2

⎛
⎜⎜⎝

0, 0, 0, 0
0, 0, 1, 0
0, −1, 0, 0
0, 0, 0, 0

⎞
⎟⎟⎠ ,

(2.4)

with the property that ε1
γ γ́ ε1

λλ́
+ ε2

γ γ́ ε2
λλ́

� 1
2 (ηγληγ́ λ́ + ηγ λ́ηγ́ λ − ηγ γ́ ηλλ́) and ζγ γ́ ζλλ́ �

1
2 (ηγληγ́ λ́ − ηγ λ́ηγ́ λ). The symbol � means that the equation holds up to longitudinal terms.
The second-rank tensor gauge field Aαά with 16 components describes in this theory three
physical transversal polarizations. The propagator γγ́λλ́(k) is defined through the equation

H fix
αάγ γ́ (k)

γ γ́

λλ́
(k) = −iηαληάλ́, and has the following form:

γγ́λλ́(k) = −i
πγ γ́ λλ́

k2 − iε
. (2.5)

The corresponding residue can be represented as a sum:

πγ γ́ λλ́ = +(ηγληγ́ λ́ + ηγ λ́ηγ́ λ − ηγ γ́ ηλλ́) + 1
3 (ηγληγ́ λ́ − ηγ λ́ηγ́ λ). (2.6)

The first term describes the λ = ±2 helicity states and is represented by the symmetric part εαά

of the polarization tensor; the second term describes the λ = 0 helicity state and is represented
by its antisymmetric part ζαά .

Let us now consider the three-particle interaction vertex VTT. There are two terms in
L2 contributing to the vertex VTT. The first three-linear term of the Lagrangian (1.1) has the
following form:

− 1
2gf abc

(
∂μAa

νλ − ∂νA
a
μλ

)(
Ab

μAc
νλ + Ab

μλA
c
ν

) − 1
4gf abc

(
∂μAa

ν − ∂νA
a
μ

)
2Ab

μλA
c
νλ.
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Figure 2. The interaction vertex for the vector gauge boson V and two tensor gauge bosons
T—the VTT vertex—Vabc

αάβγ γ́ (k, p, q) in non-Abelian tensor gauge field theory [29]. Vector gauge
bosons are conventionally drawn as thin wave lines, tensor gauge bosons are thick wave lines. The
Lorentz indices αά and momentum k belong to the first tensor gauge boson, the γ γ́ and momentum
q belong to the second tensor gauge boson, and Lorentz index β and momentum p belong to the
vector gauge boson.

This is in addition to the standard Yang–Mills VVV three-vector boson interaction vertex:

Lcubic
1 = − 1

2gf abc
(
∂μAa

ν − ∂νA
a
μ

)
Ab

μAc
ν,

which in the momentum representation has the form

Vabc
αβγ (k, p, q) = −igf abcFαβγ (k, p, q) = −igf abc[ηαβ(p − k)γ

+ ηαγ (k − q)β + ηβγ (q − p)α]. (2.7)

In momentum space, the first contribution has the form

−igf abcFαάβγ γ́ (k, p, q) = −igf abc[ηαβ(p − k)γ + ηαγ (k − q)β + ηβγ (q − p)α]ηάγ́ . (2.8)

The second three-linear term of the Lagrangian (1.1) has the following form:

+ 1
2gf abc

(
∂μAa

νλ − ∂νA
a
μλ

)(
Ab

μAc
λν + Ab

μνA
c
λ

)
+ 1

2gf abc
(
∂μAa

νν − ∂νA
a
μν

)(
Ab

μAc
λλ + Ab

μλA
c
λ

)
(2.9)

+ 1
2gf abc

(
∂μAa

ν − ∂νA
a
μ

)(
Ab

μνA
c
λλ + Ab

μλA
c
λν

)
,

so that in the momentum space we have

ig 1
2f abcF ′

αάβγ γ́ (k, p, q) = ig 1
2f abc[+(p − k)γ (ηαγ́ ηάβ + ηαάηβγ́ )

+ (k − q)β(ηαγ́ ηάγ + ηαάηγ γ́ ) + (q − p)α(ηάγ ηβγ́ + ηάβηγ γ́ )

+ (p − k)άηαβηγ γ́ + (p − k)γ́ ηαβηάγ + (k − q)άηαγ ηβγ́ + (k − q)γ́ ηαγ ηάβ

+ (q − p)άηβγ ηαγ́ + (q − p)γ́ ηαάηβγ ]. (2.10)

Collecting two terms of the three-linear vertex VTT together we shall get [29]

Vabc
αάβγ γ́ (k, p, q) = −igf abc

{
Fαάβγ γ́ − 1

2F ′
αάβγ γ́

} ≡ −igf abcFαάβγ γ́ , (2.11)

where the indices (a, α, ά, k) belong to the tensor gauge boson, (b, β, p) to the vector gauge
boson and (c, γ, γ́ , q) to the second tensor gauge boson (see figure 2).

Let us consider now the four-particle interaction terms of the Lagrangian (1.2). We have
the standard four-vector-boson-interaction vertex VVVV:

Vabcd
αβγ δ(k, p, q, r) = −g2f lacf lbd(ηαβηγ δ − ηαδηβγ ) − g2f ladf lbc(ηαβηγ δ − ηαγ ηβδ)

− g2f labf lcd(ηαγ ηβδ − ηαδηβγ ) (2.12)

5



J. Phys. A: Math. Theor. 42 (2009) 065403 G Savvidy

Figure 3. The quartic vertex with two vector gauge bosons and two tensor gauge bosons—the
VVTT vertex—Vabcd

αβγ γ́ δδ́
(k, p, q, r) in non-Abelian tensor gauge field theory [29]. Vector gauge

bosons are conventionally drawn as thin wave lines, and tensor gauge bosons are thick wave lines.
The Lorentz indices γ γ́ and momentum q belong to the first tensor gauge boson, δδ́ and momentum
r belong to the second tensor gauge boson, the index α and momentum k belong to the first vector
gauge boson and Lorentz index β and momentum p belong to the second vector gauge boson.

and a new interaction of two vector and two tensor gauge bosons—the VVTT vertex,

− 1
4g2f abcf ab́ć

(
Ab

μAc
νλ + Ab

μλA
c
ν

)
(Ab́

μAć
νλ + Ab́

μλA
ć
ν) − 1

2g2f abcf ab́ćAb
μAc

νA
b́
μλA

ć
νλ, (2.13)

which in the momentum space will take the following form:

Fabcd

αβγ γ́ δδ́
(k, p, q, r) = −g2f lacf lbd(ηαβηγ δ − ηαδηβγ )ηγ́ δ́ − g2f ladf lbc(ηαβηγ δ − ηαγ ηβδ)ηγ́ δ́

− g2f labf lcd(ηαγ ηβδ − ηαδηβγ )ηγ́ δ́ . (2.14)

The second part of the vertex VVTT is

+ 1
4g2f abcf ab́ć

(
Ab

μAc
νλ + Ab

μλA
c
ν

)(
Ab́

μAć
λν + Ab́

μνA
ć
λ

)
+ 1

4g2f abcf ab́ć
(
Ab

μAc
νν + Ab

μνA
c
ν

)(
Ab́

μAć
λλ + Ab́

μλA
ć
λ

)
(2.15)

+ 1
2g2f abcf ab́ćAb

μAc
ν

(
Ab́

μνA
ć
λλ + Ab́

μλA
ć
λν

)
,

which in the momentum representation will take the form

F́ abcd

αβγ γ́ δδ́
(k, p, q, r) = 1

2g2f lacf lbd [+ηαβ(ηγ δ́ηγ́ δ + ηγ γ́ ηδδ́) − ηβγ (ηαδ́ηγ́ δ + ηαγ́ ηδδ́)

− ηαδ(ηβγ́ ηγ δ́ + ηβδ́ηγ γ́ ) + ηγ δ(ηαδ́ηβγ́ + ηαγ́ ηβδ́)]
1
2g2f ladf lbc[+ηαβ(ηγ δ́ηγ́ δ + ηγ γ́ ηδδ́) − ηαγ (ηβδ́ηγ́ δ + ηβγ́ ηδδ́)

(2.16)
− ηβδ(ηαγ́ ηγ δ́ + ηαδ́ηγ γ́ ) + ηγ δ(ηαγ́ ηβδ́ + ηαδ́ηβγ́ )]

1
2g2f labf lcd [+ηαγ (ηβγ́ ηδδ́ + ηβδ́ηδγ́ ) − ηβγ (ηαγ́ ηδδ́ + ηαδ́ηδγ́ )

− ηαδ(ηβδ́ηγ γ́ + ηβγ́ ηγ δ́) + ηβδ(ηαδ́ηγ γ́ + ηαγ́ ηγ δ́)].

The total vertex is

Vabcd

αβγ γ́ δδ́
(k, p, q, r) = Fabcd

αβγ γ́ δδ́
(k, p, q, r) + F́ abcd

αβγ γ́ δδ́
(k, p, q, r). (2.17)

In summary, we have the off-mass-shell Yang–Mills vertex VVV (2.7), the new vertex VTT
(2.11) together with the Yang–Mills vertex VVVV (2.12) and the new vertex VVTT (2.17)
(see figures 2, 3).

2.1. Three-point amplitudes

In order to compare these vertices with the corresponding tree-level amplitudes of the open
string theory one should project them to the mass-shell, because the string amplitudes can be

6
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computed only on the mass-shell4. The three-point scattering amplitudes for massless particles
on mass-shell are equal to zero for the real momenta (k, p, q), but if one allows complex
momenta or a different spacetime signature [37–47, 50–52], then these matrix elements will
have nontrivial behavior and will allow us to compare tree-level scattering amplitudes in both
theories.

Thus multiplying the above VTT vertex (2.11) by the vector wavefunction eβ(p) and
tensor wavefunctions f αά(k) and f γ γ́ (q) we shall get the amplitude Vf ef :

Vαάβγ γ́

abc (k, p, q)|mass−shell = −igf abc
[
+(k − q)β

(
ηαγ ηα′γ ′ − 1

2ηαγ ′
ηα′γ )

+ (q − p)α
(
ηβγ ηα′γ ′ − 1

2ηβγ ′
ηα′γ ) − 1

2 (q − p)α
′(
ηβγ ηαγ ′ − 1

2ηβγ ′
ηαγ

)
+ (p − k)γ

(
ηαβηα′γ ′ − 1

2ηα′βηαγ ′) − 1
2 (p − k)γ

′(
ηαβηα′γ − 1

2ηα′βηαγ
)]

.

(2.18)

Here we have used the transversality of the wavefunctions (2.4):

pβ eβ(p) = 0, kαf αά(k) = kάf αά(k) = 0, qγ f γ γ́ (q) = qγ́ f γ γ́ (k) = 0, (2.19)

and that they are traceless, trf (k) = trf (q) = 0. In (2.18) and in all subsequent formulae for
mass-shell amplitudes we shall not show the wavefunctions. The tensor wavefunction fαά is
a sum of symmetric εαά and antisymmetric ζαά parts (2.4).

We shell separate the parts of this vertex which are symmetric, TS , and antisymmetric,
TA, with respect to the indices of the tensor field of fαά = εαά + ζαά . The symmetric Vεeε

part of the amplitude is

−i 1
4gf abc

[
+(k − q)β(ηαγ ηα′γ ′

+ ηαγ ′
ηα′γ ) + 1

4 (q − p)α(ηβγ ηα′γ ′
+ ηβγ ′

ηα′γ )

+ 1
4 (q − p)α

′
(ηβγ ηαγ ′

+ ηβγ ′
ηαγ ) + 1

4 (p − k)γ (ηαβηα′γ ′
+ ηα′βηαγ ′

)

+ 1
4 (p − k)γ

′
(ηαβηα′γ + ηα′βηαγ )

]
. (2.20)

The antisymmetric Vζeζ part of the amplitude is

−i 3
4gf abc

[
+(k − q)β(ηαγ ηα′γ ′ − ηαγ ′

ηα′γ ) + 3
4 (q − p)α(ηβγ ηα′γ ′ − ηβγ ′

ηα′γ )

− 3
4 (q − p)α

′
(ηβγ ηαγ ′ − ηβγ ′

ηαγ ) + 3
4 (p − k)γ (ηαβηα′γ ′ − ηα′βηαγ ′

)

− 3
4 (p − k)γ

′
(ηαβηα′γ − ηα′βηαγ )

]
. (2.21)

The mixed symmetry part Vεeζ of the amplitude is

−i
3

16
gf abc[+(q − p)α(ηα′γ ′

ηβγ − ηα′γ ηβγ ′
) + (q − p)α

′
(ηαγ ′

ηβγ − ηαγ ηβγ ′
)

+ (p − k)γ (ηαβηα′γ ′
+ ηαγ ′

ηα′β) − (p − k)γ
′
(ηαβηα′γ + ηαγ ηα′β)]. (2.22)

The last vertex is symmetric under the interchange (α ↔ α′) and antisymmetric under
(γ ↔ γ ′). There is also the mixed symmetry part of the vertex which is antisymmetric in
(α ↔ α′) and symmetric under (γ ↔ γ ′) the Vζeε amplitude:

−i
3

16
gf abc[+(q − p)α(ηα′γ ′

ηβγ + ηα′γ ηβγ ′
) − (q − p)α

′
(ηαγ ′

ηβγ + ηαγ ηβγ ′
)

+ (p − k)γ (ηαβηα′γ ′ − ηαγ ′
ηα′β) + (p − k)γ

′
(ηαβηα′γ − ηαγ ηα′β)]. (2.23)

One can check that the sum of the above four terms (2.20)–(2.23) gives the total vertex (2.18).

4 We shall derive the corresponding string amplitudes in the following section.
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2.2. Complex deformation of momenta

The nontrivial three-point amplitudes can be defined if one considers complex momenta or
the spacetime signature ημν = (− + − +). Then the momenta can be chosen as follows [46]:

k
μ

1 = (ω, z, iz, k), k
μ

2 = (ω,−z,−iz, k), k
μ

3 = (2ω, 0, 0, 2k),

to fulfil the momentum conservation,

k1 + k2 = k3.

All massless bosons are on mass-shell: k2
1 = k2

2 = k2
3 = 0, (ω2 = k2) and

k1 · k2 = k2 · k3 = k3 · k1 = 0.

Let us first consider the matrix element VVV for the vector gauge bosons. The polarization
vectors are

e+
1 = 1√

2

( z

ω
, 1,−i,− z

k

)
, e+

2 = 1√
2

(
− z

ω
, 1,−i,

z

k

)
, e−

3 = 1√
2
(0, 1, i, 0)

and are orthogonal to the corresponding momenta:

k1 · e+
1 = 0, k2 · e+

2 = 0, k3 · e−
3 = 0.

We can compute now the matrix element using trilinear vertex VVV (2.7):

M(+, +,−) = Fμ1μ2μ3(k1, k2, k3)e
+
μ1

(k1)e
+
μ2

(k2)e
−
μ3

(k3)

= −2e+
1 · e+

2k1 · e−
3 − 2e+

2 · e−
3 k2 · e+

1 + 2e−
3 · e+

1k3 · e+
2 = 8

√
2z. (2.24)

And indeed, it is nonzero and grows linearly with momentum deformation z. Using the spinor
representation of the momenta and polarization vectors [44],

kaȧ = λaλ̃ȧ, e+
aȧ = μaλ̃ȧ

〈μ, λ〉 , e−
aȧ = λaμ̃ȧ

[λ,μ]
,

where

λa =
(√

k+,
kx + iky√

k+

)
, λ̃ȧ =

(√
k+,

kx − iky√
k+

)
, k+ = kt + kz,

one can see that

〈1, 2〉 = 〈2, 3〉 = 〈3, 1〉 = 0,

but

[1, 2] = −4z, [2, 3] = 2
√

2z, [3, 1] = 2
√

2z,

and the amplitude (2.7) in the spinor representation is

M(+, +,−) = −
√

2
[1, 2]4

[1, 2][2, 3][3, 1]
.

We can calculate now the trilinear vertex VTT matrix element using expressions (2.11), (2.20):

M(+2, +1,−2) = Fαάβγ γ́ (k1, k2, k3)ε
+
αά(k1)e

+
β(k2)ε

−
γ γ́ (k3)

= 2(k1 + k3) · e+
2ε+

1 · ε−
3 + (−k3 − k2) · ε+

1 · ε−
3 · e+

2 + (k2 − k1) · ε−
3 · ε+

1 · e+
2

= 12
√

2z, (2.25)

where ε+
αά(k1) = e+

α(k1)e
+
ά(k1), ε−

γ γ́ (k3) = e−
γ (k3)e

−
γ́ (k3). It is nonzero and also grows linearly

with momentum deformation z. Using the spinor representation, we shall get

M(+2, +1,−2) = −3
√

2

4

[1, 2]6

[1, 2][2, 3]3[3, 1]
. (2.26)
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2.3. The dual Lagrangian

For completeness let us also recall the expression for the dual Lagrangian which is defined as
follows [31, 32]:

L̃2 = − 1
4G̃a

μν,λG̃
a
μν,λ − 1

4Ga
μνG̃

a
μν,λλ + 1

4G̃a
μν,λG̃

a
μλ,ν + 1

4G̃a
μν,νG̃

a
μλ,λ + 1

2Ga
μνG̃

a
μλ,νλ, (2.27)

where the dual field strength tensors are

G̃a
μν,λ = ∂μAa

λν − ∂νA
a
λμ + gf abc

(
Ab

μAc
λν + Ab

λμAc
ν

)
,

G̃a
μν,λρ = {

∂μ

(
2
3Aa

λνρ + 2
3Aa

ρνλ − 1
3Aa

νλρ

)
+ gf abcAb

μ

(
2
3Aa

λνρ + 2
3Aa

ρνλ − 1
3Aa

νλρ

)
− ∂ν

(
2
3Aa

λμρ + 2
3Aa

ρμλ − 1
3Aa

μλρ

)
+ gf abc

(
2
3Aa

λμρ + 2
3Aa

ρμλ − 1
3Aa

μλρ

)
Ac

ν

}
+ gf abc

(
Ab

λμAc
ρν + Ab

ρμAc
λν

)
. (2.28)

Here we have a similar polynomial expansion of the dual Lagrangian:

L̃2 = 1
2Aa

αάH̃αάγ γ́ Aa
γ γ́ + 1

1!2! Ṽ
abc
αάβγ γ́ Aa

αάAb
βAc

γ γ́ + 1
2!2! Ṽ

abcd

αβγ γ́ δδ́
Aa

αAb
βAc

γ γ́ Ad

δδ́
+ · · · . (2.29)

The kinetic term is identical to the kinetic term (2.2) of the Lagrangian L2:

H̃αάγ γ́ (k) = (−ηαγ ηάγ́ + 1
2ηαγ́ ηάγ + 1

2ηαάηγ γ́

)
k2 + ηαγ kάkγ́ + ηάγ́ kαkγ

− 1
2 (ηαγ́ kάkγ + ηάγ kαkγ́ + ηαάkγ kγ́ + ηγ γ́ kαkά) (2.30)

and is a fully gauge-invariant operator, kαH̃αάγ γ́ = 0, kάH̃αάγ γ́ = 0. One can get also the
explicit form of the dual cubic vertex VTT from the dual Lagrangian L̃2 (2.27):

Ṽabc
αάβγ γ́ = −igf abc

{
F̃αάβγ γ́ − 1

2 F̃ ′
αάβγ γ́

}
, (2.31)

where

F̃αάβγ γ́ (k, p, q) = [ηάβ(p − k)γ́ + ηάγ́ (k − q)β + ηβγ́ (q − p)ά]ηαγ (2.32)

and

F̃ ′
αάβγ γ́ (k, p, q) = (p − k)γ́ (ηάγ ηαβ + ηαάηβγ ) + (k − q)β(ηαγ́ ηάγ + ηαάηγ γ́ )

+ (q − p)ά(ηαγ́ ηβγ + ηαβηγ γ́ ) + (p − k)αηάβηγ γ́ + (p − k)γ ηάβηαγ́

+ (k − q)αηάγ́ ηβγ + (k − q)γ ηάγ́ ηαβ + (q − p)αηβγ́ ηάγ + (q − p)γ ηαάηβγ́ .

(2.33)

There is an important property of the dual vertex (2.31) which follows from the fact that the
above Lagrangians (1.2) and (2.27) are dual to each other in the sense of the transformation:

Ãαά = Aάα,
(2.34)

Ãαά ´́α = 2
3 (Aάα ´́α + A ´́ααά) − 1

3Aα ´́α.

Indeed, if one simultaneously interchanges the indices α ↔ ά, γ ↔ γ́ of the dual cubic vertex
(2.31), then one can see that it will transform into the cubic vertex (2.11) and via versa:

Ṽabc
αάβγ γ́ = −igf abc

{
F̃αάβγ γ́ − 1

2 F̃ ′
αάβγ γ́

} = −igf abc
{
Fάαβγ́ γ − 1

2F ′
άαβγ́ γ

} = Vabc
άαβγ́ γ . (2.35)

It is also obvious from the above relation that if one considers the self-dual sum,

L2 + L̃2, (2.36)

then the corresponding VTT vertex will be self-dual in the sense that under the duality
transformation (2.34) α ↔ ά, γ ↔ γ́ it will be mapped into itself:

Vαάβγ γ́ + Ṽαάβγ γ́ → Vάαβγ́ γ + Ṽάαβγ́ γ = Ṽαάβγ γ́ + Vαάβγ γ́ . (2.37)
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3. Open strings tree-level amplitudes

In this section, we shall calculate tree-level scattering amplitudes in the open string theory
with Chan–Paton charges in order to compare them with the corresponding matrix elements
in the non-Abelian tensor gauge field theory. We shall consider scattering amplitudes of the
lower excited states of the open string depicted in figure 1, that is of the charged scalar, vector
and tensor bosons. To set up notation, let us begin with the simplest example of the tree-level
scattering amplitudes for the three on-shell massless vector bosons. The vertex operator has
the following form [2, 3]:

eα(k) : Ẋα eikX(y): (3.1)

and we shall represent the disc as the upper half-plane so that the boundary coordinate y is
real: y ∈ [−∞, +∞]. The tree amplitude can be represented in the form

Vμ1μ2μ3
a1a2a3

(k1, k2, k3) = Fμ1μ2μ3(k1, k2, k3)tr(λ
a1λa2λa3) + Fμ2μ1μ3(k2, k1, k3) tr(λa2λa1λa3) :

where the matrix element F is given below:

Fμ1μ2μ3(k1, k2, k3) =
∫ ∏

i

dμ(yi) <: Ẋμ1 eik1X(y1) :: Ẋμ2 eik2X(y2) :: Ẋμ3 eik3X(y3) :>

= lim
y1=0,y2=1,y3→∞

∏
i<j

|yi − yj |2α′kikj y2
3

{
Fμ1

y1
Fμ2

y2
Fμ2

y2
− 2α′

[
Fμ1

y1

ημ2μ3

(y2 − y3)2
+ Fμ2

y2

ημ3μ1

(y3 − y1)2
+ Fμ3

y3

ημ1μ2

(y1 − y2)2

]}
,

and we have to sum over two orderings of the vertex operators on the disc. The vector functions
F

μ
y are given below (3.4). The λa are isotopic matrices. All bosons are on mass-shell:

α′k2
1 = α′k2

2 = α′k2
3 = 0

and k1 + k2 + k3 = 0. The wavefunctions of the vector bosons are

eμ1(k1), eμ2(k2), eμ3(k3) (3.2)

and are transversal to the corresponding momenta ki · e(ki) = 0, i = 1, 2, 3. The matrix
element Fμ1μ2μ3 has the following dimensional structure:

[Fμ1μ2μ3 ] ∼ (α′)3(k)3 + (α′)2(k)1. (3.3)

It is not difficult to calculate both these terms, but our intention is to investigate only that part
of the amplitude which is dominant at low energies, that is the last, linear in momentum term.
We shall fix the integration measure by the choice y1 = 0, y2 = 1, y3 → ∞:

lim
y1=0,y2=1,y3→∞

∏
i<j

|yi − yj |2α′kikj → 1

Fμ1
y1

= −2iα′
(

k
μ1
2

y1 − y2
+

k
μ1
3

y1 − y3

)
→ −2iα′(−k

μ1
2

)

Fμ2
y2

= −2iα′
(

k
μ2
1

y2 − y1
+

k
μ2
3

y2 − y3

)
→ −2iα′(+k

μ2
1

)
(3.4)

Fμ3
y3

= −2iα′
(

k
μ3
1

y3 − y1
+

k
μ3
2

y3 − y2

)
→ −2iα′

(
−k

μ3
1

y2
3

)
.

Thus for Fμ1μ2μ3(k1, k2, k3) tr(λa1λa2λa3) we have

i(2α′)2[−k
μ1
2 ημ2μ3 + k

μ2
1 ημ3μ1 − k

μ3
1 ημ1μ2 + 2α′kμ1

2 k
μ2
1 k

μ3
1

]
tr(λa1λa2λa3) (3.5)

10
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and adding the equal term5,

i(2α′)2[+k
μ1
3 ημ2μ3 − k

μ2
3 ημ3μ1 + k

μ3
2 ημ1μ2 + 2α′kμ1

2 k
μ2
1 k

μ3
1

]
tr(λa1λa2λa3), (3.6)

we can get the total matrix element together with the reversed cyclic orientation, a1, μ1, k1 ↔
a2, μ2, k2:

2i(α′)2[(k3 − k2)
μ1ημ2μ3 + (k1 − k3)

μ2ημ3μ1 + (k2 − k1)
μ3ημ1μ2

+ 2α′(k2 − k3)
μ1k

μ2
1 k

μ3
1

]
tr([λa1 , λa2 ]λa3). (3.7)

Leaving only the linear in momentum term we shall have the corresponding VVV amplitude:

Vμ1μ2μ3
a1a2a3

(k1, k2, k3) = ig tr([λa1 , λa2 ]λa3)[(k3 − k2)
μ1ημ2μ3

+ (k1 − k3)
μ2ημ3μ1 + (k2 − k1)

μ3ημ1μ2 ], (3.8)

which coincides with the Yang–Mills vertex (2.7) projected to the mass-shell.
In the following subsection, we shall perform a similar calculation of the scattering

amplitude between two symmetric tensor bosons TS and a vector boson V in open string
theory (see figure 1) in order to compare it with the amplitude (2.18) in non-Abelian tensor
gauge field theory.

3.1. Tree-level amplitudes for two symmetric tensors and vector

The vertex operator for the symmetric TS rank-2 tensor boson on the third level is

εαα′(k) : ẊαẊα′
eikX(y) : (3.9)

and together with the vertex (3.1) can be used to calculate now the scattering amplitude
between vector and two tensor bosons:

Vαα′βγ γ ′
abc (k, p, q) = Fαα′βγ γ ′

(k, p, q) tr(λaλbλc) + Fγγ ′βαα′
(q, p, k) tr(λcλbλa), (3.10)

where the wavefunctions of the pair of tensor gauge bosons and the vector boson are

εαα′(k), eβ(p), εγ γ ′(q). (3.11)

We shall define, for convenience, k1 ≡ k, k2 ≡ q, k3 ≡ p, and k1 +k2 +k3 = 0. The mass-shell
conditions are

α′k2
1 = α′k2

2 = −1, α′k2
3 = 0.

We have to calculate the correlation function,

F
αα′βγ γ ′
S (k, p, q) =

∫ ∏
i

dμ(yi) <: ẊαẊα′
eikX(y1) :: Ẋγ Ẋγ ′

eiqX(y2) :: Ẋβ eipX(y3) :>

= lim
y1=0,y2=1,y3→∞

∏
i<j

|yi − yj |2α′kikj y2
3

{
(F αFα′

)y1F
β
y3

(F γ F γ ′
)y2 − 2α′

[
Fα

y1
Fβ

y3
Fγ

y2

ηα′γ ′

(y1 − y2)2
+ Fα

y1
Fβ

y3
Fγ ′

y2

ηα′γ

(y1 − y2)2

+ Fα′
y1

Fβ
y3

Fγ
y2

ηαγ ′

(y1 − y2)2
+ Fα′

y1
Fβ

y3
Fγ ′

y2

ηαγ

(y1 − y2)2
+ Fα

y1
Fα′

y1
Fγ

y2

ηβγ ′

(y3 − y2)2

+ Fα
y1

Fα′
y1

Fγ ′
y2

ηβγ

(y3 − y2)2
+ Fα

y1
Fγ

y2
Fγ ′

y2

ηβα′

(y3 − y1)2
+ Fα′

y1
Fγ

y2
Fγ ′

y2

ηβα

(y3 − y1)2

]

+ (2α′)2

[
+Fβ

y3

ηαγ

(y1 − y2)2

ηα′γ ′

(y1 − y2)2
+ Fβ

y3

ηαγ ′

(y1 − y2)2

ηα′γ

(y1 − y2)2

5 One should use momentum conservation and the transversality of the wavefunctions.
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+ Fα
y1

ηβγ

(y3 − y2)2

ηα′γ ′

(y1 − y2)2
+ Fα

y1

ηβγ ′

(y3 − y2)2

ηα′γ

(y1 − y2)2

+ Fα′
y1

ηβγ

(y3 − y2)2

ηαγ ′

(y1 − y2)2
+ Fα′

y1

ηβγ ′

(y3 − y2)2

ηαγ

(y1 − y2)2

+ Fγ
y2

ηβα

(y3 − y1)2

ηα′γ ′

(y1 − y2)2
+ Fγ

y2

ηβα′

(y3 − y1)2

ηαγ ′

(y1 − y2)2

+ Fγ ′
y2

ηβα

(y3 − y1)2

ηα′γ

(y1 − y2)2
+ Fγ ′

y2

ηβα′

(y3 − y1)2

ηαγ

(y1 − y2)2

]}
. (3.12)

The amplitude has the following dimensional structure:

Fαα′βγ γ ′ ∼ (α′)5(k)5 + (α′)4(k)3 + (α′)3(k)1, (3.13)

where the first term contains the fifth power of α′ and the fifth power of momentum, and so
on. We are interested in calculating only the last dominant term which is linear in momenta.
We shall fix the integration measure by the choice y1 = 0, y2 = 1, y3 → ∞ :

lim
y1=0,y2=1,y3→∞

∏
i<j

|yi − yj |2α′kikj → 1,

F α
y1

= −2iα′
(

pα

y1 − y3
+

qα

y1 − y2

)
→ −2iα′(−qα)

F γ
y2

= −2iα′
(

pγ

y2 − y3
+

kγ

y2 − y1

)
→ −2iα′(kγ ) (3.14)

Fβ
y3

= −2iα′
(

kβ

y3 − y1
+

qβ

y3 − y2

)
→ −2iα′

(
−kβ

y2
3

)
,

and keeping only part of the amplitude linear in momentum we shall get

F
αα′βγ γ ′
S (k, p, q) = −i(2α′)3[−kβ(ηαγ ηα′γ ′

+ ηαγ ′
ηα′γ ) − qα(ηβγ ηα′γ ′

+ ηβγ ′
ηα′γ )

− qα′
(ηβγ ηαγ ′

+ ηβγ ′
ηαγ ) + kγ (ηαβηα′γ ′

+ ηα′βηαγ ′
)

+ kγ ′
(ηαβηα′γ + ηα′βηαγ )]. (3.15)

We can add an equal term,

F
αα′βγ γ ′
S (k, p, q) = −i(2α′)3[+qβ(ηαγ ηα′γ ′

+ ηαγ ′
ηα′γ ) + pα(ηβγ ηα′γ ′

+ ηβγ ′
ηα′γ )

+ pα′
(ηβγ ηαγ ′

+ ηβγ ′
ηαγ ) − pγ (ηαβηα′γ ′

+ ηα′βηαγ ′
)

−pγ ′
(ηαβηα′γ + ηα′βηαγ )], (3.16)

in order to get the symmetric expression:

F
αα′βγ γ ′
S (k, p, q) = − i

2
(2α′)3[+(q − k)β(ηαγ ηα′γ ′

+ ηαγ ′
ηα′γ )

+ (p − q)α(ηβγ ηα′γ ′
+ ηβγ ′

ηα′γ ) + (p − q)α
′
(ηβγ ηαγ ′

+ ηβγ ′
ηαγ )

+ (k − p)γ (ηαβηα′γ ′
+ ηα′βηαγ ′

) + (k − p)γ
′
(ηαβηα′γ + ηα′βηαγ )]. (3.17)

Substituting this into expression (3.10) with the terms in the reversed cyclic orientation
a, (α, α′), k ↔ c, (γ, γ ′), q we shall get

Vαα′βγ γ ′
abc (k, p, q) = tr([λa, λb]λc)F

αα′βγ γ ′
S (k, p, q). (3.18)

This expression should be compared with expression (2.20) in tensor gauge field theory. We
see that they have identical Lorentz structure, but with some differences in the coefficients.
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We do not know exactly the origin of this difference, but most probably it is connected
with contributions of higher-rank non-Abelian tensor gauge fields, which we do not take into
consideration in this paper.

3.2. Tree-level amplitudes for two antisymmetric tensors and vector

The vertex operator for the antisymmetric TA rank-2 tensor boson on the third excited level is

ζαα′(k) : Ẍ{αẊα′} eikX = ζαα′(k) 1
2 : (ẌαẊα′ − Ẍα′

Ẋα) eikX : . (3.19)

The antisymmetric wavefunctions of the pair of tensor gauge bosons and the vector boson are

ζαα′(k), ζγ γ ′(q), eβ(p) (3.20)

and we shall define for convenience k1 ≡ k, k2 ≡ q, k3 ≡ p,. The mass-shell conditions are

α′k2
1 = α′k2

2 = −2, α′k2
3 = 0

and k1 + k2 + k3 = 0. We have to calculate the correlation function:

F
αα′βγ γ ′
A (k, p, q) (3.21)

=
∫ ∏

i

dμ(yi) <: Ẍ{αẊα′} eikX(y1) :: Ẍ{γ Ẋγ ′} eiqX(y2) :: Ẋβ eipX(y3) :>

(3.22)

= lim
y1=0,y2=1,y3→∞

∏
i<j

|yi − yj |2α′kikj y2
3

1

4
{O(α′)5(k)5 + O(α′)4(k)3

+ (2α′)2Fβ
y3

[
+

−6ηαγ

(y1 − y2)4

ηα′γ ′

(y1 − y2)2
+

−2ηαγ ′

(y1 − y2)3

2ηα′γ

(y1 − y2)3

− −2ηαγ

(y1 − y2)3

2ηα′γ ′

(y1 − y2)3
− −6ηαγ ′

(y1 − y2)4

ηα′γ

(y1 − y2)2

− 2ηαγ

(y1 − y2)3

−2ηα′γ ′

(y1 − y2)3
− ηαγ ′

(y1 − y2)2

−6ηα′γ

(y1 − y2)4

+
ηαγ

(y1 − y2)2

−6ηα′γ ′

(y1 − y2)4
+

2ηαγ ′

(y1 − y2)3

−2ηα′γ

(y1 − y2)3

]

+ Fα
y1

[
− 2ηβγ

(y3 − y2)3

−2ηα′γ ′

(y1 − y2)3
− ηβγ ′

(y3 − y2)2

−6ηα′γ

(y1 − y2)4

+
ηβγ

(y3 − y2)2

−6ηα′γ ′

(y1 − y2)4
+

2ηβγ ′

(y3 − y2)3

−2ηα′γ

(y1 − y2)3

]

+ Ḟ α
y1

[
+

2ηβγ

(y3 − y2)3

ηα′γ ′

(y1 − y2)2
+

ηβγ ′

(y3 − y2)2

2ηα′γ

(y1 − y2)3

− ηβγ

(y3 − y2)2

2ηα′γ ′

(y1 − y2)3
+

2ηβγ ′

(y3 − y2)3

ηα′γ

(y1 − y2)2

]

+ Fα′
y1

[
+

2ηβγ

(y3 − y2)3

−2ηαγ ′

(y1 − y2)3
+

ηβγ ′

(y3 − y2)2

−6ηαγ

(y1 − y2)4

− ηβγ

(y3 − y2)2

−6ηαγ ′

(y1 − y2)4
− 2ηβγ ′

(y3 − y2)3

−2ηαγ

(y1 − y2)3

]

+ Ḟ α′
y1

[
− 2ηβγ

(y3 − y2)3

ηαγ ′

(y1 − y2)2
− ηβγ ′

(y3 − y2)2

2ηαγ

(y1 − y2)3

13
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+
ηβγ

(y3 − y2)2

2ηαγ ′

(y1 − y2)3
+

2ηβγ ′

(y3 − y2)3

ηαγ

(y1 − y2)2

]

+ Fγ
y2

[..] + Ḟ γ
y2

[..] + Fγ ′
y2

[..] + Ḟ γ ′
y2

[..]}, (3.23)

where dots denote the terms which one can recover by interchanging α, α′ with γ, γ ′. This
amplitude has the same dimensional structure as the symmetric one:

F
αα′βγ γ ′
A ∼ (α′)5(k)5 + (α′)4(k)3 + (α′)3(k)1, (3.24)

and we shall calculate the term which contains only the first power of momentum, that is, the
last term. Taking the corresponding limit,

lim
y1=0,y2=1,y3→∞

∏
i<j

|yi − yj |2α′kikj → 1

Fα
y1

= −2iα′
(

pα

y1 − y3
+

qα

y1 − y2

)
→ −2iα′(−qα)

F γ
y2

= −2iα′
(

pγ

y2 − y3
+

kγ

y2 − y1

)
→ −2iα′(kγ )

F β
y3

= −2iα′
(

kβ

y3 − y1
+

qβ

y3 − y2

)
→ −2iα′

(
−kβ

y2
3

)
(3.25)

Ḟ α
y1

= 2iα′
(

pα

(y1 − y3)2
+

qα

(y1 − y2)2

)
→ −2iα′(−qα)

Ḟ γ
y2

= 2iα′
(

pγ

(y2 − y3)2
+

kγ

(y2 − y1)2

)
→ −2iα′(−kγ ),

we shall get

F
αα′βγ γ ′
A (k, p, q) = −i(2α′)3[+kβ(ηαγ ηα′γ ′ − ηαγ ′

ηα′γ ) + qα(ηβγ ηα′γ ′ − ηβγ ′
ηα′γ )

− qα′
(ηβγ ηαγ ′ − ηβγ ′

ηαγ ) + kγ (ηαβηα′γ ′ − ηα′βηαγ ′
)

− kγ ′
(ηαβηα′γ − ηα′βηαγ )].

Adding the equal term,

F
αα′βγ γ ′
A (k, p, q) = −i(2α′)3[−qβ(ηαγ ηα′γ ′ − ηαγ ′

ηα′γ ) − pα(ηβγ ηα′γ ′ − ηβγ ′
ηα′γ )

+ pα′
(ηβγ ηαγ ′ − ηβγ ′

ηαγ ) − pγ (ηαβηα′γ ′ − ηα′βηαγ ′
)

+ pγ ′
(ηαβηα′γ − ηα′βηαγ )],

we shall get a symmetric in the momenta expression:

F
αα′βγ γ ′
A (k, p, q) = − i

2
(2α′)3[−(q − k)β(ηαγ ηα′γ ′ − ηαγ ′

ηα′γ )

− (p − q)α(ηβγ ηα′γ ′ − ηβγ ′
ηα′γ ) + (p − q)α

′
(ηβγ ηαγ ′ − ηβγ ′

ηαγ )

− (p − k)γ (ηαβηα′γ ′ − ηα′βηαγ ′
) + (p − k)γ

′
(ηαβηα′γ − ηα′βηαγ )]. (3.26)

Substituting this into expression (3.10) with the terms in the reversed cyclic orientation,
a, (α, α′), k ↔ c, (γ, γ ′), q, we shall finally get

Vαα′βγ γ ′
abc (k, p, q) = tr([λa, λb]λc)F

αα′βγ γ ′
A (k, p, q). (3.27)

This expression should be compared with expression (2.21) and again we see that they have
identical structure.

14
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3.3. Mixed symmetry amplitudes

Finally we shall calculate the amplitude between symmetric and antisymmetric tensor bosons,
and a vector. The vertex operator for the symmetric TS and antisymmetric TA rank-2 tensor
bosons has been given above, (3.9) and (3.19). Therefore, the matrix element is

F
αα′βγ γ ′
SA (k, p, q)

=
∫ ∏

i

dμ(yi) <: ẊαẊα′
eikX(y1) :: Ẍ{γ Ẋγ ′} eiqX(y2) :: Ẋβ eipX(y3) :>

= lim
y1=0,y2=1,y3→∞

∏
i<j

|yi − yj |2α′kikj y2
3

1

2

{
O(α′)5(k)5 + O(α′)4(k)3

+ (2α′)2Fβ
y3

[
+

2ηαγ

(y1 − y2)3

ηα′γ ′

(y1 − y2)2
+

ηαγ ′

(y1 − y2)2

2ηα′γ

(y1 − y2)3

− ηαγ

(y1 − y2)2

2ηα′γ ′

(y1 − y2)3
− 2ηαγ ′

(y1 − y2)3

ηα′γ

(y1 − y2)2

]

+ Fα
y1

[
+

−2ηβγ

(y2 − y3)3

ηα′γ ′

(y1 − y2)2
+

ηβγ ′

(y2 − y3)2

2ηα′γ

(y1 − y2)3

− ηβγ

(y2 − y3)2

2ηα′γ ′

(y1 − y2)3
− −2ηβγ ′

(y2 − y3)3

ηα′γ

(y1 − y2)2

]

+ Fα′
y1

[
+

−2ηβγ

(y2 − y3)3

ηαγ ′

(y1 − y2)2
+

ηβγ ′

(y2 − y3)2

2ηαγ

(y1 − y2)3

− ηβγ

(y2 − y3)2

2ηαγ ′

(y1 − y2)3
− −2ηβγ ′

(y2 − y3)3

ηαγ

(y1 − y2)2

]

+ Ḟ γ
y2

[
+

ηαγ ′

(y1 − y2)2

ηα′β

(y1 − y3)2
+

ηαβ

(y1 − y3)2

ηα′γ ′

(y1 − y2)2

]

+ Fγ
y2

[
− 2ηαγ ′

(y1 − y2)3

ηα′β

(y1 − y3)2
− ηαβ

(y1 − y3)2

2ηα′γ ′

(y1 − y2)3

]

+ Fγ ′
y2

[
+

2ηαγ

(y1 − y2)3

ηα′β

(y1 − y3)2
+

ηαβ

(y1 − y3)2

2ηα′γ

(y1 − y2)3

]

+ Ḟ γ ′
y2

[
− ηαγ

(y1 − y2)2

ηα′β

(y1 − y3)2
− ηαβ

(y1 − y3)2

ηα′γ

(y1 − y2)2

]}
. (3.28)

Taking the corresponding limit we shall get

F
αα′βγ γ ′
SA (k, p, q) = −i(2α′)3[−qα(ηβγ ηα′γ ′ − ηβγ ′

ηα′γ ) − qα′
(ηβγ ηαγ ′ − ηαγ ηβγ ′

)

+ 1
2kγ (ηαβηα′γ ′

+ ηαγ ′
ηα′β) − 1

2kγ ′
(ηαβηα′γ + ηαγ ηα′β)]

or, in equivalent form, as

F
αα′βγ γ ′
SA (k, p, q) = − i

2
(2α′)3[+(p − q)α(ηβγ ηα′γ ′ − ηβγ ′

ηα′γ )

+ (p − q)α
′
(ηβγ ηαγ ′ − ηαγ ηβγ ′

) +
1

2
(k − p)γ (ηαβηα′γ ′

+ ηαγ ′
ηα′β)

− 1

2
(k − p)γ

′
(ηαβηα′γ + ηαγ ηα′β)].
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The amplitude will take the following form:

F
αα′βγ γ ′
AS (k, p, q) = − i

2
(2α′)3[+1

2
(p − q)α(ηβγ ηα′γ ′

+ ηβγ ′
ηα′γ )

− 1

2
(p − q)α

′
(ηβγ ηαγ ′

+ ηαγ ηβγ ′
) + (k − p)γ (ηαβηα′γ ′ − ηαγ ′

ηα′β)

+ (k − p)γ
′
(ηαβηα′γ − ηαγ ηα′β)

]
. (3.29)

Plugging both expressions into (3.9) with the terms in the reversed cyclic orientation
a, (α, α′), k ↔ c, (γ, γ ′), q we shall get

Vαα′βγ γ ′
abc (k, p, q) = tr([λa, λb]λc)

[
F

αα′βγ γ ′
SA (k, p, q) + F

αα′βγ γ ′
AS (k, p, q)

]
, (3.30)

which is in agreement with the expression we obtained in the tensor gauge field theory (2.22)
and (2.23).

4. Scattering amplitude of two scalars and two tensors

We shall get less trivial information about the structure of the VTT vertex of the open string
theory if we compute the four-particle scattering amplitude of two tachyon and two tensor
bosons (see figure 4). In the low-energy limit, these amplitudes will be dominated by the
exchange of the massless vector boson (see figure 5) and shall provide the information about
the structure of cubic VTT vertex V1−2−2 and a new vertex between scalar, vector and a tensor
V0−1−2. We are interested therefore in calculating the following scattering amplitude on the
disc (see figure 4):

Fμν,λρ(k1, k2; k3, k4)

=
∫ ∏

i

dμ(yi) <: eik1X(y1) :: eik2X(y2) :: ẊμẊν eik3X(y3) :: ẊλẊρ eik4X(y4) :>

=
∫

dμ(yi)
∏
i<j

|yi − yj |2α′kikj

{
(FμF ν)y3(F

λF ρ)y4 + (−2α′)
[
Fμ

y3
Fλ

y4

ηνρ

(y3 − y4)2
+ Fμ

y3
Fρ

y4

ηνλ

(y3 − y4)2

+ Fν
y3

Fλ
y4

ημρ

(y3 − y4)2
+ Fν

y3
Fρ

y4

ημλ

(y3 − y4)2

]

+ (−2α′)2

[
ημλ

(y3 − y4)2

ηνρ

(y3 − y4)2
+

ημρ

(y3 − y4)2

ηνλ

(y3 − y4)2

]}
. (4.1)

We shall fix the integration measure by the choice y4 = 0, y2 = 1, y1 → ∞. The mass-shell
conditions are

α′k2
1 = α′k2

2 = +1, α′k2
3 = α′k2

4 = −1

and k1 + k2 + k3 + k4 = 0. Thus

∫
dμ(yi)

∏
i<j

|yi − yj |2α′kikj =
∫ +∞

−∞
dy3 y2

1

i<j∏
y4=0,y2=1,y1→∞

|yi − yj |2α′kikj →

=
∫ +∞

−∞
dy3|y3|2α′k3k4 |1 − y3|2α′k2k3 (4.2)
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1 3

4 2

1 2

34

1 2

43

ad c

f e b

1 3 1 4 1 4

2 4 2 3 3 2

Figure 4. Orderings of four open string vertex operators on the disc. The integral over y3 in (4.2)
splits into three ranges [−∞, 0], [0, 1], [1, +∞]. For these three ranges the vertex operators are
ordered as in (d), ( a) and (c), respectively. For the reversed cyclic permutation we shall get ( f ),
(e) and (b). The coordinate y3 increases in the direction of the arrow.

and

Fμ
y3

= −2iα′
(

k
μ

1

y3 − y1
+

k
μ

2

y3 − y2
+

k
μ

4

y3 − y4

)
→ −2iα′

(
k

μ

2

y3 − 1
+

k
μ

4

y3

)
,

(4.3)

Fμ
y4

= −2iα′
(

k
μ

1

y4 − y1
+

k
μ

2

y4 − y2
+

k
μ

3

y4 − y3

)
→ −2iα′

(
−k

μ

2 − k
μ

3

y3

)
.

Therefore we shall get

Fμν,λρ(k1, k2, k3, k4) =
∫ +∞

−∞
dy3|y3|2α′k3k4 |1 − y3|2α′k2k3

{
(2α′)4

(
k

μ

2

y3 − 1
+

k
μ

4

y3

)(
kν

2

y3 − 1
+

kν
4

y3

) (
kλ

2 +
kλ

3

y3

) (
k

ρ

2 +
k

ρ

3

y3

)

− (2α′)3 1

y2
3

[(
k

μ

2

y3 − 1
+

k
μ

4

y3

) ((
k

ρ

2 +
k

ρ

3

y3

)
ηνλ +

(
kλ

2 +
kλ

3

y3

)
ηνρ

))

+

(
kν

2

y3 − 1
+

kν
4

y3

) ((
kλ

2 +
kλ

3

y3

)
ημρ +

(
k

ρ

2 +
k

ρ

3

y3

)
ημλ

)]

+ (2α′)2 1

y4
3

[ημληνρ + ημρηνλ]

}
. (4.4)

The integration over y3 can be divided into three regions: [−∞, 0], [0, 1], [1, +∞]. These
pieces can be depicted by three diagrams (d) (a) and (c) in figure 4. For the reversed cyclic
permutation, we shall get diagrams (f ), (e) and (b) in figure 4. Introducing Mandelshtam
variables,

s = −(k1 + k2)
2, t = −(k2 + k3)

2, u = −(k2 + k4)
2,

we can represent the contribution of the (s, t) diagrams (a) and (e) in the form

−(2α′)3(tr(λa1λa2λa3λa4) + tr(λa4λa3λa2λa1))

[B(−α′s,−α′t + 1)Kμρνλ(k4, k2) + B(−α′s − 1,−α′t + 1)Kμρνλ(k4, k3)

−B(−α′s + 1,−α′t)Kμρνλ(k2, k2) − B(−α′s,−α′t)Kμρνλ(k2, k3)], (4.5)
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0
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s-channel

0

0
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2

t-channel
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2
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0

0
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2

Figure 5. Feynman diagrams contributing to the low-energy limit of the open string scattering
amplitude. The poles correspond to the exchange by a massless vector boson in s, t and u channels.
The scalars are depicted as 0, vectors are as 1 and tensors are as 2. The quantities of main interest
here are the dimensionless vertices V1−2−2 between a vector and two tensors in the s-channel and
V0−1−2 between a scalar, vector and a tensor in t, u channels. The last graph represents the contact
vertex V0−0−2−2.

the contribution of the (s, u) diagrams (f ) and (c) in the form

−(2α′)3(tr(λa1λa2λa4λa3) + tr(λa1λa3λa4λa2))

[−B(−α′s,−α′u)Kμρνλ(k4, k2) + B(−α′s − 1,−α′u + 1)Kμρνλ(k4, k3)

−B(−α′s + 1,−α′u)Kμρνλ(k2, k2) + B(−α′s,−α′u + 1)Kμρνλ(k2, k3)],

(4.6)

and the contribution of the (u, t) diagrams (b) and (d) in the form

−(2α′)3(tr(λa1λa3λa2λa4) + tr(λa1λa4λa2λa3))

[B(−α′u,−α′t + 1)Kμρνλ(k4, k2) + B(−α′u + 1,−α′t + 1)Kμρνλ(k4, k3)

+ B(−α′u,−α′t)Kμρνλ(k2, k2) + B(−α′u + 1,−α′t)Kμρνλ(k2, k3)], (4.7)

where

Kμρνλ(k, p) = kμ(pρηνλ + pληνρ) + kν(pλημρ + pρημλ). (4.8)

Considering the limit α′s, α′t, α′u → 0 of the Euler functions we shall get for the s , t and u
channel contributions:

−(2α′)3

{
+

1

α′s
tr[λa1 , λa2 ][λa3λa4 ](K(k2, k3) − K(k4, k2))

μρνλ

− 1

α′t
tr[λa1 , λa4 ][λa2λa3 ](K(k2, k2) + K(k2, k3))

μρνλ

− 1

α′u
tr[λa1 , λa3 ][λa2λa4 ](K(k2, k2) − K(k4, k2))

μρνλ

}
, (4.9)

which are shown in figure 5.
The last term in the matrix element (4.4) has no momentum dependence and represents

the contact term. Evaluating the integration over y3 in the same way as we did above one can
get

(2α′)2{+(trλa1λa2λa3λa4 + trλa4λa3λa2λa1)B(−α′s − 1,−α′t + 1)

+ (trλa1λa2λa4λa3 + trλa1λa3λa4λa2)B(−α′s − 1,−α′u + 1)

+ (trλa1λa3λa2λa4) + trλa1λa4λa2λa3)B(−α′t + 1,−α′u + 1)}
(ημληνρ + ημρηνλ). (4.10)
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Again, considering the limit α′s, α′t, α′u → 0 of the Euler functions we shall get for the
contact term

(2α′)2{tr[λa1 , λa4 ][λa2, λa3 ] +
t

s
tr[λa1 , λa2 ][λa3, λa4 ]}(ημληνρ + ημρηνλ). (4.11)

This is the quartic vertex of V0−0−2−2 and should be compared with the corresponding vertex
in the non-Abelian tensor gauge field theory [27–29].

5. Conclusion

Our intention in this paper was to compare the structure of the tree-level scattering amplitudes
in non-Abelian tensor gauge field theory and in open string theory with Chan–Paton charges.
We limit ourselves to considering only lower-rank tensor fields in both theories. We identify
the symmetric TS and antisymmetric TA components of the second-rank tensor gauge field
Aa

αά with the string excitations TS and TA on the second and third levels. In the process of this
identification, we select only those parts of the tree-level scattering amplitudes in the open
string theory which are linear in momentum.

It should be mentioned that not all three-point string scattering amplitudes have linear in
momentum parts. In particular, the scattering amplitude of three tensor bosons does not. It
seems that this subclass of tree-level scattering amplitudes may provide information about the
structure of the open string theory at the deepest level.

It is also true that tensor gauge field theory bosons are massless while in string theory
the tensor bosons are massive. In this respect one could mention that the cubic and quartic
vertices of the massless Yang–Mills theory and of the massive theory with spontaneous
symmetry breaking are identical. Therefore, if we want to extract a genuine massless ‘proto-
theory’ from the open string theory, which in accordance with Gross is in a broken phase [4],
it seems very natural to consider the above subclass of amplitudes and compare them with the
amplitudes in non-Abelian tensor gauge field theory.

It is also interesting to mention that the ratio of the masses of the tensor gauge bosons TS

and TA in non-Abelian tensor gauge theory with spontaneous symmetry breaking is [54]

m2
A

m2
S

= 3, (5.1)

while in the open string theory it is (see figure 1)

m2
A

m2
S

= 4. (5.2)

In both theories the antisymmetric tensor is more heavy.
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